Abstract-we developed a detailed Monte Carlo simulation method to study the time resolution of detectors for time-of-flight positron emission tomography (TOF PET). The process of gamma ray interaction in detectors, scintillation light emission and transport inside the detectors, the photoelectron generation and anode signal generation in the photomultiplier tube (PMT), and the electronics process of discriminator are simulated. We tested this simulation method using published experimental data, and found that it can generate reliable results. Using this method, we simulated the time resolution for a 13 13 detector block of 4 4 20 mm 3 lutetium orthosilicate (LSO) crystals coupled to four 2-inch PMTs using PMT-quadrant-sharing (PQS) technology. We analyzed the effects of several factors, including the number of photoelectrons, light transport, transit time spread (TTS), and the depth of interaction (DOI). The simulation results indicated that system time resolution of 360 ps should be possible with currently available fast PMTs. This simulation method can also be used to simulate the time resolution of other detector design method.
I. INTRODUCTION

I
T has long been realized that signal-to-noise ratio (SNR) in position-emission-tomography (PET) images can be improved by incorporating the Time-of-Flight (TOF) information [1] - [3] . Recently, a growing interest in lutetium orthosilicate (LSO) [4] , [5] and lutetium yttrium orthosilicate (LYSO) [6] in TOF PET has been observed. Their high light yield, short decay time, high effective atomic number and photoelectric fraction make it possible to build PET systems with high spatial and time resolution, and reasonable sensitivity.
The LSO scintillators timing properties have been studied by Moses and Derenzo [7] . Coincidence time resolution of 300 ps has been measured with two 3 3 3 mm LSO crystals coupled with Hamamatsu R-5320 photomultiplier tubes (PMTs). However, the time resolution was degraded to 475 ps when two 3 3 30 mm crystals were used instead. These authors attributed this degradation to two factors: a difference in the transport time between events with different depths of interaction (DOI), and time dispersion due to multiple reflections. More recently, Moszynski et al. [8] recorded a time resolution of 196 ps when 4 4 20 mm LSO was directly coupled to the center of the Photonis XP20D0 PMT [9] , [10] . They also measured time resolution with an 11 mm-thick Lucite disc between the crystal and PMT as light diffuser, and observed a degradation of 224 to 287 ps while moving the crystal from the center to the edge of the PMT. This degradation was mainly caused by a reduction in the light collection. The results of these studies indicate that the time resolution is influenced by many factors, including the DOI, light transport, light collection, and PMT characteristics. Hence, understanding the effects of each individual factor would be useful in finding ways to minimize the time uncertainty.
Monte Carlo simulation is one of the effective tools to understand the detector system. It has been widely used to guide the design of TOF systems for high-energy colliders, which require time resolution of 50 to 100 ps (root mean square, RMS) [11] , [12] .
Our study had two goals: first, to develop a reliable Monte Carlo simulation method for TOF PET, and second, to use the simulation method to study the time resolution of our PMTquadrant-sharing (PQS) detector design. In Section II, we will describe the physics model of the TOF measurements and the simulation program used. In the first part of Section III, we will compare the results obtained using our simulation method with the experimental results reported in [8] . In the remaining parts of Section III, we describe the simulation of a 13 13 LSO detector block using PQS design to study the effects of different factors on the block time resolution. The factors examined include the number of photoelectrons (PheNum), transit time spread (TTS), and the DOI. In Section IV, we discuss possible ways to improve time resolution. the PMT and the electronics process which involves the time discriminator.
II. SIMULATION MODEL AND METHOD
A 13 13 LSO detector block with 4 4 20 mm crystals was simulated to study the effects of different factors on the block time resolution. The detector block was coupled to four 51 mm PMTs using PQS technology [13] . The polished surface was used for the top side of the crystal, while the ground surface was used for all the other sides. Optical coupling grease was used between crystals and between the PMT and the block. The detector structure is shown in Fig. 2 . LSO crystals and reflectors are glued (using grease/glue) together to be a detector block. Then the detector block is coupled to PMT using PQS configuration by grease/glue. In the simulation model, the PheNum, the TTS and the DOI were examined.
A. -Ray Generation and Interaction in Detector
In GEANT/GATE simulation, 511 KeV -rays were generated from a point source 430 mm (radius of PET camera) away from the 13 13 LSO detector block. The time ( ) and energy deposition ( ) of each interaction in detector were recorded.
B. Scintillation Light Emission and Transport
The energy deposition data from GATE simulation were input to an optical transport simulation program for PET detector-DETECT2000 [13] . The scintillation light emission and transportation process in the detector were simulated with DETECT2000.
The scintillation light emission was described by the total light yield (average light output for a certain energy deposition in crystal), energy resolution (light output variation) and the emission time ( ) profile. For LSO, the light yield was set to 30000-photons/MeV, the energy resolution was set to 14% and the time profile of the scintillation light was described as an ideal exponential decay with a decay constant of 40 ns [15] : (1) During the light emission, the angular distribution of the emitted photons was isotropic. Hence, only a very small amount of photons could directly reach the PMT. Most of the photons arrived at the PMT after one or more reflections. The light transport process in PET detectors is very complicated, both because the pixilated detector structure greatly increases the number of surfaces involved and because the surfaces used in detector design are usually ground to improve light sharing.
After the light photons went through the detector and PMT glass window, the light arrived at the photocathode and generated photoelectrons according to quantum efficiency (QE) of photocathode. The time and location of each photoelectron were recorded in DETECT2000 simulation. Fig. 3 shows the light position distribution (on photocathode) of crystals at block corner and center. The light was localized on the photocathode. Hence, the time resolution degradation caused by non-uniformity of PMT photocathode could be corrected. So the non-uniformity of PMT photocathode was not considered in this simulation.
C. PMT Response
The PMT response is mainly determined by single photoelectron pulse and the TTS. Usually the TTS of PMT is specified using the single-photon transit time spread. In this paper, the term TTS means the full-width-half-maximum (FWHM) of the single-photon transit time spread. Each photoelectron has a corresponding pulse in the PMT anode. The time ( ) between the gamma interaction inside the crystal and the appearing of the single photoelectron pulse on the anode is: The PMT response of single photoelectron is a current signal that can be described using a clipped Gaussian pulse [16] : (3) = Parameter related to the gain of the PMT, = Time constant that determines the width of the pulse.
The varies according to 70% energy resolution of single photoelectron [17] . The anode output circuit can be considered as a parallel of a load resistor ( ) and parasitic capacitor ( ). The impulse response of this circuit is:
The single photoelectron anode response ( ) was the convolution of the anode current and the output circuit:
The PMT output signal was the sum of the anode pulses of all the photoelectrons: (6) Fig. 4 shows a simulated LSO crystal signal of a 511 keV -ray event. The data includes the PMT output signal of a gamma ray event, the PMT response of single photoelectron (Phe), the photoelectrons time distribution on the photocathode and the normalized time distribution of photoelectrons. Here normalized means that the photoelectron distribution is divided by total number of PheNum.
D. Electronics
The electronics components include the discriminator and time to digital converter (TDC). Two types of discriminator, constant fraction discriminator (CFD) and leading edge discriminator (LD) are commonly used. The advantage of CFD is that the trigger time is not affected by the pulse height. On the other hand, it is more complicated, and usually implemented 
Phe = photoelectron.
in application specific integrated circuits (ASICs). LD, on the contrary, is simpler in discriminator part, but requires the signal height/charge information to correct the time walk. LD with pulse height/charge correction is generally used in the TOF system for the high energy collider, where time resolution of 50 to 100 ps (RMS) is typically required [18] - [21] . In PET applications, the charge measurement is required for decoding, and the use of LD instead of CFD does not therefore carry additional costs. In the first commercial TOF PET/CT scanner, the Philips Gemini TF, LD is used to obtain time information [22] .
In the simulation, the signal of every -ray event was discriminated by CFD/LD method to get its time. From the time profile of all events, we could get the time resolution of each crystal in the detector.
The block coincidence time resolution was determined in two steps: first, the coincidence time resolutions of one crystal with all 169 crystals in the detector block were calculated. The average of these 169 resolution values was taken to be the coincidence time resolution of this one block. Second, the coincidence time resolutions of all crystals were averaged to obtain the block coincidence time resolution. 
III. RESULT
A. Single Crystal Simulation
Results from single-crystal simulations are compared with results from other experimental data [8] to validate the simulation program. For this study, the simulation used a Teflon-wrapped 4 4 20 mm LSO crystal with a polished surface, a Photonis XP20D0 PMT, and three types of coupling schemes: one with the crystal coupled to the center of the PMT, another with the crystal at the center of an 11 mm-thick 52 mm-diameter Lucite disc coupled to the PMT as a light diffuser, and a third with the crystal at the edge of the diffuser.
The parameters of the XP20D0 were obtained from [8] , [9] , [23] - [26] . The single electron spectrum resolution was 70%. The TTS of the PMT was 520 ps with a high voltage of 2500 V. In the single-crystal time resolution test, the high voltage is between 1700 V and 1800 V, hence the TTS would be increased to about 610 to 630 ps. TTS of 610 ps was used in the simulation. The TTS was 900 ps with a high voltage of 1000 V. Table I shows our simulation results along with the experimental results from [8, Table IV ]. In Table I , the center and four edge positions (top/bottom/left/right) on the PMT photocathode are shown. Our simulation results are in good agreement with the experimental data.
B. Detector Block Simulation
The crystal pulse heights of all crystals were set as the light output; Fig. 5 show the result of the DETECT2000 simulation. On average 65% of light generated were collected.
The ratio between the minimal and maximal pulse heights is 82%, which is a typical pulse-height ratio for the PQS detector block [27] - [29] . A single crystal energy resolution of 14% was used for the random generation of the total PheNum. "LD" means the simulation using leading edge discriminator. The effects of each of the 4 factors, PheNum, light transport, TTS and DOI were analyzed. The TTS was scanned from 0.25 to 2 ns with 0.25 ns step size. The PheNum was scanned from 500 to 5000 with 500 step size.
C. Time Discriminator
The block coincidence time resolution comparison of CFD/LD discriminator is shown in Fig. 6 . With different TTS and PheNum, the LD was always better than CFD. Hence, we used LD in the following simulation. The threshold of the LD discriminator was scanned to have the best result.
D. Light Transport
To investigate the effect of light transport, the block time with and without light transport was simulated. The TTS values used were set to 0.25 ns and 0.75 ns. The PheNum from 500 to 5000 was scanned with steps of 500. In Fig. 7 , which shows the results of the simulations, the time resolution with light transport was worse in all cases than it was without light transport. The resolution curve with light transport process could be fit with function:
The resolution curve without light transport process could be fit with function: (8) where is the fit parameter that was found to depend on TTS amd is the number of photoelectrons. According to (7) , a PMT with a larger TTS required a larger number of photoelectrons (PheNum) to achieve the same time resolution as could be achieved from a PMT with a smaller TTS. For example, to get 0.35 ns time resolution, 2156 photoelectrons were needed for a 0.25 ns TTS PMT; it would increase to 2928 for a 0.75 ns TTS PMT.
According to (7) and (8), the light transport process directly added a 0.053 ns constant factor on detector time resolution.
Under same TTS, the values without light transport process were smaller than that with light transport process. On Average the time resolutions with light transport process was ps bigger than the time resolution without light transport process.
E. PheNum and TTS
The block coincidence time resolutions of different PheNum and TTS were simulated (including light transport process). Fig. 8 shows the results from our simulation.
The time resolutions were better with smaller TTS and more photoelectrons. The dependence of on TTS was found to be well-described by a polynomial of third order. The fitting result was reliable in the data range because only had 1% or less relative fitting errors. and their errors were shown in Fig. 9 .
F. DOI
From crystal top to PMT window surface, the depths were set as 0 to 20 mm. The events at 1 mm, 5 mm, 9 mm, 15 mm, and 19 mm depth were picked to investigate the DOI effect. Fig. 9 . The dependence of f on TTS was found to be well-described by a polynomial of third order. The bars ( 1%) on the curve are the fitting error. The TTS is 0.25 ns. The time resolution difference caused by DOI was only 10 to 20 ps (see Fig. 10 ). The DOI effect was not obvious for the PQS detector when PheNum was less than 4000. When the PheNum was bigger than 4000, the time resolution was better than 300 ps, the DOI effect could be 8 of the total time resolution.
G. Time Resolution of LSO With Several Available TOF PMT
We estimated the time resolution of PQS PET detector with several TOF-capable fast PMTs. According to [8] , a 4 4 20 mm crystal positioned on the center of a PMT with a blue sensitivity of 13.7 A can generate 3015 photoelectrons. In PQS design, the corner crystal also sits on the center of the PMT, so the PheNum of a corner crystal in a PQS detector block would also be about 3015. This number will therefore be used as a reference to calculate the PheNum for other PMTs. Table II lists the estimated system resolution using PQS detector design with several fast TOF capable PMTs. Time resolutions of 330 ps could be achieved with R9800, R9979 and XP3060.
H. Noise
In the experimental signal of LSO + R9779, there is a 1 mV (standard deviation) white noise in it. This noise includes the noise and dark current of the PMT. After including the effect of this noise, the coincidence time resolution of the detector 
I. Transit Time and Gain Difference of R9779
Similar to the experiment in [30] , we test the transit time and gain across the photocathode of a R9979 PMT. The result shows the maximum transit time difference is 109 ps and the maximum gain difference is 84% to 100% (This was similar to the gain test in data sheet).
J. LSO Background Radiation
LSO crystal has a background radiation from Lu-176. It is 241 cps/cc and has a wide energy spectra [31] . After the background was added in the simulation, the time resolution increased to 365 ps.
K. TDC
Time resolutions of 30 to 50 ps TDCs are available [32] - [34] . With a 30 ps time resolution TDC, the final time resolution will be 367 ps.
IV. DISCUSSION
Among all the factors that affect the time resolution, PheNum is the most important one. When we use LSO crystal to build detector for PET application, the crystal light output of 511 keV -ray is fixed. In order to get more photoelectrons, we could improve the light collection in detector or choose a more sensitive PMT. In our PQS design, we have made continuous efforts to maximize light collection efficiency and increase the pulse-height ratio of the detector block by optimizing the light reflector mask [27] - [29] .
Since the time resolution is mainly determined by the leading edge of the signal, other crystals with higher light yield and shorter decay time could also improve the time resolution.
(Ce) [35] , [36] , and (Ce) [37] are some good candidates. On the other hand, their low photoelectric fraction and long attenuation length hurt the coincidence efficiency. Another approach is to increase the quantum efficiency (QE) of PMT. Photocathode with QE of more than 35% has been reported recently [38] - [40] .
The TTS of PMT is another important factor. The value of was doubled when TTS increased from 0 to 2 ns. The time resolution would be almost doubled. The of 0.54 ns TTS was 10% more than of 0 ns TTS. Hence, the time resolution would be degraded less than 10% when TTS was less than 0.54 ns. There are several 0.5 ns or less TTS PMT available on the market.
Since the TTS is inversely proportional to the high voltage, one way to lower the TTS is to increase the high voltage. The disadvantage of this method is that it also increases the PMT's anode current and excessive anode current causes fast gain loss. Another way to lower the TTS is to use dynode readout [41] instead of anode readout. However, because of the difference in DC voltage between the dynode and the ground, this method requires AC coupling. The AC coupling causes baseline drift, and requires real-time baseline restoration due to the fast changing radioactive dose during PET scan.
The effect of DOI was about 10 to 20 ps, which is negligible compared to the block time resolution of ps. One reason is that the number of counts follows an exponential decay along the depth; hence the time distribution is mainly decided by the events from the top part of the crystal.
The PMT gain/transit time difference and noise degrade the time resolution significantly. In this work, a gain difference, 109 ps transit time difference and 1 mV noise could degrade time resolution to 363 ps. PMTs with uniform photocathode should be used in a TOF camera. The noise must be controlled very well in the system to have good time resolution.
The LSO background and TDC time resolution are small factors in the time resolution; the time resolution only change by 1 to 2 ps in the simulation.
With GEANT4/GATE, DETECT2000 and following home developed Monte Carlo code, the result of this work (360 ps for PQS design LSO detector + R9779) is close to the result in [42] (330 ps for Anger-logic LaBr3 detector + XP 20D0, 660 ps for Anger-logic LYSO detector + XP20D0). Considering similar noise level was used. The main difference is the simulation tools and detector structure. The PQS detector design has better light transport control and more light output. This gives PQS detector better timing.
This simulation method could also be applied to other detector design method, because the physics processes of TOF measurement are same for all the detector design methods.
V. CONCLUSION
The agreement between our simulation results and experimental data proves that the MC simulation we used is reliable. A reliable Monte Carlo simulation would enable us to study the effect of each factor, which would help in understanding the detector system, and can be used as a reference for system design.
Although the PheNum is the most important factor, the TTS of the PMT is also important. Since the QEs of most PMTs are very close (Table II) , improving the TTS becomes more important.
Our simulation also suggests the potential to use our PQS method in TOF PET. The high light collecting efficiency and good pulse height uniformity results in high number of photoelectrons and good time resolution. Our results indicated that system time resolutions of 360 ps should be achievable with LSO and currently available fast PMTs.
